Abstract. In this note, we evaluate the variance of the distribution of Heegner points asymptotically. More precisely, we show
Introduction
Using an ergodic method, Linnik proved that the Heegner points are equidistributed subject to a splitting condition with respect to a fixed auxiliary prime. Later Duke [Du] removed this condition by using harmonic analysis and proved the equidistribution of Heegner points and closed geodesics on the modular surface. On the other hand, the equidistribution of integral points on the sphere was proved by Duke [Du] and Golubeva-Fomenko [GF] independently. It is interesting to consider the variances of these distributions, especially in the case of closed geodesics. Luo-Rudnick-Sarnak [LRS] computed the arithmetic variance (ordering by the discriminant) for the measures associated to closed geodesics. The results involve the critical values of certain L-functions and the classical variances.
The variances for integral points on the sphere and Heegner points are formulated on the surfaces themselves while the measures associated to closed geodesics are on the unit tangent bundle of the modular surface. Luo [Lu] evaluated asymptotically the variance of the distribution of integral points on the sphere. In this note, we will compute asymptotically the variance of the distribution of Heegner points. The calculation is similar to the closed geodesics case [LRS] but much simpler since it only involves Maass forms of weight 0.
Let Γ = SL 2 (Z) denote the full modular group and let F = Γ\H denote the standard fundamental domain for Γ in the upper half-plane H. Γ acts on the integral binary quadratic forms Q(x, y) = ax 2 + bxy + cy 2 in the usual way and preserves the discriminant d = b 2 − 4ac. For a fixed d ≡ 0, 1 (mod 4), let Λ d denote a complete set of Γ-inequivalent quadratic forms of discriminant d and let h(d) = #Λ d . For d < 0, we associate to each equivalent class of quadratic forms Q(x, y) = ax 2 + bxy + cy 2 a Heegner point
in F . We also denote the set of these h(d) Heegner points by Λ d .
Let φ and ψ be even, normalized (first Fourier coefficient equals 1) Hecke-Maass cusp forms with eigenvalues λ φ = evaluate the following variance asymptotically:
indicates the sum weighted by one over the order of the stabilizer of z.
It would be natural to consider 1
However as a consequence of Dirichlet's class number formula and Siegel's theorem, for d a fundamental discriminant we have
Theorem 1.1. With the same notation as above, we have as X → ∞,
Here Λ(s, φ) is the completed L-function defined in (2.3).
Proof of Theorem 1.1
We first summarize some results on theta lifts and Rankin-Selberg theory for half-integral weight Maass forms (see [KS] and [LRS] for details).
Let φ be an even normalized Maass form for SL 2 (Z) with eigenvalue λ = 1 4 + (2r) 2 . The theta lift F (z) = θ(φ, z) (defined in [KS, p.206] ) is a Maass form for Γ 0 (4) of weight + r 2 . The Fourier expansion of F is given by (see [KS] )
,ir (4π|n|v)e(nu).
In particular, we have ρ(n) = 0 if n ≡ 2, 3 (mod 4). If n ≡ 0, 1 (mod 4), we have, for n < 0,
and for n > 0,
where the sum over all Γ-equivalence classes of quadratic forms Q with discriminant n and C(Q) is the closed geodesic corresponding to Q. Here ds is the hyperbolic arc length differential.
If ψ is another Hecke-Maass eigenform for SL 2 (Z), we have the inner product formula (see [LRS] , p.305)
Here the Petersson inner product on the space of Maass forms of weight 1/2 is defined by
Let F (z) = θ(ψ, z) be a Maass cusp form of weight 1/2 for Γ 0 (4) with Fourier expansion
Proposition 2.1 ([LRS, Propositions 5.1 and
, except for a simple pole at s = 1 when F and F are not orthogonal. Moreover,
Applying a Tauberian theorem (as in [LRS, Corollary 5 .3]), we have the following corollary. 
